I. INTRODUCTION
Stressed condition of the modern power system can lead to poor voltage profile and voltage instability. Integration of FACTS devices at proper locations not only overcomes these problems but also controls the power flow to relieve the lines from prevailing stressed conditions. Before installing a physical model, performance and effectiveness of the FACTS devices must be checked by developing their mathematical models and integrating them in the load flow methods. Different models of FACTS devices have been proposed in the literature which can be categorized as voltage source models [1] - [6] , power injection models [7] - [11] , and hybrid approach based model [12] . All of the existing models have been developed using numerical iterative techniques, i.e. Newton-Raphson (N-R) method, Gauss-Seidel method, Fast Decoupled Load Flow (FDLF) method etc. Most of these models are based on the N-R method due to its quadratic convergence property. The N-R method is computationally too expensive due to the repeated evaluation of the Jacobian matrix and the corresponding factorizations that need to be done at each iteration [7] , [13] . The non-linear algebraic equations become more complex when FACTS devices are integrated into the power flow program. Conventional models of FACTS devices developed using iterative N-R method has certain limitations. The solution of N-R method depends upon the value of derivative of the function. If the derivative of a function is unbounded or zero at the initial condition, the The associate editor coordinating the review of this manuscript and approving it for publication was Shuaihu Li.
solution diverges. If a function is not continuously differentiable or the tangent at initial condition doesn't intersect the horizontal axis, the solution oscillates around a local minima or maxima. If the initial guess is near a critical point of the function, the N-R method will determine a next guess which is far away from the initial guess. Further, iterations might converge to an arbitrary root, or endlessly cycle in a periodic or aperiodic manner, or might diverge to infinity. Therefore, if proper initial conditions are not chosen then existing iterative methods based models suffer from the problem of convergence/spurious solution. In other words, the solution of iterative method based model depends upon the initial conditions. The improper choices of initial conditions either increase the number of iterations or diverge the solution, which indicates that there is no guarantee of convergence. This problem can be resolved if models are developed using Holomorphic Embedded Load-Flow Method (HELM).
HELM is a novel technique for solving the AC power flow problem [14] . It is based on a complex-valued embedding technique specifically devised to exploit the particular algebraic nonlinearities of the power flow problem [15] - [18] . The extension of HELM for the PV buses has been introduced in [19] . In [20] , different ways of embedding of bus power equilibrium equations has been presented and investigated. A multi-stage holomorphic embedding has been proposed in [21] to eliminate the precision issues occurring in conventional holomorphic embedding (HE) method [14] . Chen et. al. [22] developed power series model of power flow equations to accurately trace the PV curve. A two stage Padé approximation and physical germ solution HE method has been proposed in [23] . Application of HELM for the DC circuits has been investigated in [24] . Substantial work on HE modeling for different application area can be found in [25] - [29] .
In [29] , HELM modeling of Thyristor-based FACTS controllers, i.e. Static Var Compensator (SVC), Thyristor Controlled Switched Capacitor (TCSC), Thyristor Controlled Voltage Regulator (TCVR), and Thyristor Controlled Phase Angle Regulator (TCPAR) have been presented. In these models, FACTS devices are represented as variable reactance/tap ratio that modifies the power balance equation. Models presented in [29] are an extension of existing holomorphic based load-flow equation [20] with a minor change in the coefficient-matrix of linear algebraic equations. Moreover, various control modes of FACTS devices have not been explored in [29] . FACTS devices modeled so far using HELM are controlled impedance type that have limited zone of application. FACTS devices which are based upon converter technology is more versatile, injects less harmonics, have independent control, faster dynamic response, higher flexibility, and broader zone of application due to its cutting edge technology. STATCOM is a converter based shunt connected FACTS device which encompasses all the merits of voltage source converter technology.
As per the modeling aspects are concerned, the model developed so far are presented by variable impedance that do not represent actual characteristics of a voltage source converter (VSC) based FACTS device. Conversely, a converter based model encompasses large number of equations integrated in HELM. These equations truly describe a real picture of a converter based FACTS device along with its various control modes. Therefore, HELM model of converter based FACTS device needed to be explored to study the various attributes of converter based devices.
Considering the modeling of VSC based FACTS devices using HELM as a new area of research, at initial stage this paper presents a HELM based model of shunt connected voltage source converter based FACTS device (i.e. STATCOM). Series and combined series-shunt converter based devices are in developing stage. The proposed STATCOM model uses Holomorphic Embedding technique instead of conventional NR technique. The proposed model has following features:
• Various control modes to control different parameters.
• Non-iterative approach based model.
• Clear indication if solution doesn't exist.
• Initial conditions are deterministic in nature.
• Always converges, even for ill conditioned power system if solution exists.
• Robust and reliable.
• Complexity of Jacobian matrix and its factorization is not present. The paper is organized in the following way: In section II, the basic definitions and methodology of HELM are presented. The HELM model of STATCOM along with its constraint and eight control modes is proposed in section III.
Section IV presents the findings and numerical results of the proposed model along with its constraints and control modes. The comparison between proposed HELM model and N-R method based STATCOM model is presented in section V. Section VI presents the conclusions of the study.
II. BASIC METHODOLOGY OF HELM
Let's consider a N -bus power system where slack bus is denoted by r, and m is a set of PQ buses and p is the set of PV buses. Generally, the power balance equation of a PQ bus is as follows:
, and Y ik are the voltage of bus k, injected complex power at bus i, and the (i, k) th element of the bus admittance matrix, respectively. P Gi , P Li are active power generation and load where as Q Gi , Q Li are reactive power generation and load at bus i respectively. Different ways of embedding technique have been investigated in [20] and most suggested way of embedding with complex parameters s is as followings:
where,
and Y Shunt i are the symmetrical, unsymmetrical and shunt branch parts of the bus admittance matrix. For a slack bus, the voltage phasor is known i.e. V i = V SP i and its holomorphic function can be presented in following way [14] :
The power balance equation for PV bus and its voltage magnitude constraint can be expressed as:
These equations can be embedded in the following manner [19] :
For embedding the equations, first requirement of the method is that at s = 0 all injections terms vanish to zero and the system is trivially solvable by linear algebra, and at s = 1 original equation must be recovered. So, at s = 0 system is considered without load, generation, and shunt elements. Only slack bus maintains voltages at all the buses in the system. The solution of the equations at s = 0 is known as white germ solution. Another requirement of the method is that the bus voltage V i should be holomorphic function in the complex embedding parameter s. To satisfy the Cauchy-Riemann condition of holomorphic function; the term V * i (s * ) is used in place of V * i (s). The final objective of HELM is to develop the power series for every unknown variable and to compute the numerical values of unknown variable using Padé approximants. As per [14] , any holomorphic function (say V i (s)) can be expressed as power series using Maclurin series in the following way:
where, V [n] is the power series coefficient of the degree n, and n is the index number. A general recurrence formula can be obtained by expressing all unknown variables using power series and comparing the coefficients of power of s. The coefficients of power series of V [n] are calculated using general recurrence formula and germs solution for any value of n. Afterwards the numerical values of unknown variables at s = 1 are to be computed.
It requires to perform maximal analytic continuation of the initial solution at s = 0 along the path that ensure single valuedness [15] . Stahl's theorem and [30] describe that the diagonal / near diagonal Padé approximants of the power series are subjected to the maximal analytic continuation. If the Padé approximants converge then the physical feasible solution will exist and the obtained results are guaranteed to be the analytic continuation of the white branch at s = 1 [14] - [16] . There will not be any solution, if Padé approximants oscillate. The Padé approximants are rational functions of the power series and can be expressed as under:
The set of linear equations can be written in matrix form in the following way:
where, the values of coefficients a L+1 to a L+M are equal to zero. Generally, normalization is carried out by assuming b 0 = 1. The set of linear equations as per the equation (10) may be singular or ill-conditioned. This may be due to degeneracy of the power series or increase in rounding error [31] . Therefore, in this paper singular value decomposition (SVD) based Padé approximants are used to handle the degeneracy of the power series; i.e. to eliminate the problem of singularity and ill-conditioning [32] . For this purpose, normalization is carried out using the condition ||b|| = 1, i.e. vector 2-norm of b. If lower part of matrix V is denoted asṼ then SVD of matrixṼ can be represented as:
e.Ṽ has rank M ) then the last column of vector ν provides a unique non-zero null vector b ofṼ up to a scale factor. If λ M = 0, rank ofṼ must be less than M . Let ρ represents the rank ofṼ . Now to choose proper L and M , the degree of the denominator polynomial is reduced from M to ρ and the degree of the numerator polynomial is reduced from L to L − M + ρ [32] . The equation (10) is reconstructed according to the updated values of L and M . The procedure is repeated until unless all the singular values λ become larger than the specified tolerance value. Finally, the coefficients a and b can be obtained from equation (10) and the numerical values of unknown variables at s = 1 can be evaluated using equation (9) . Therefore, the SVD based method provide unique Padé approximants in a minimal degree representation [31] .
Considering the merits of HELM, a holomorphic embedded model of STATCOM is developed in Section III. Subsequently, its real power constraint and various control mode are derived.
III. PROPOSED HELM MODEL OF STATCOM
A STATCOM is normally used to control the bus voltage by reactive power shunt compensation. It consists of an inverter, a coupling transformer, and a DC capacitor as shown in Figure 1 . During the development of the HELM model of STATCOM, it is assumed that the system and STATCOM are 3-phase balanced and the harmonics generated by STATCOM are negligible. A schematic equivalent circuit diagram of STATCOM at bus i is shown in Figure 2 . This device acts as a controllable fundamental frequency positive sequence voltage source V SH (bounded between V SHmax and V SHmin ) which is used to control the various parameters to the specified values. In Figure 2 , S SH , Z SH , Y eq(SH ) , and I SH are the complex power absorbed by STATCOM at bus i, STATCOM coupling transformer leakage impedance, equivalent admittance of the STATCOM, and complex current absorbed by STATCOM at bus i respectively. From Figure 2 , the power balance equation of STATCOM connected bus i of N -bus power system can be expressed as:
where, Y ik and V i are the (i, k) th element of bus admittance matrix and i th bus voltage respectively. To derive the recurrence formula for STATCOM connected bus, the equation (12) must be embedded with a complex parameter s in such a way that the resultant equations satisfy the requirement of embedding. In equation (12) , the STATCOM output voltage is treated as a free variable function of s and the proposed holomorphic embedding of equation (12) is expressed as following:
where, Y SH is the reciprocal of Z SH i.e. STATCOM coupling transformer leakage admittance and all other variables are same as defined in Section II. To fulfill the Wirtinger's derivative condition for holomorphic function [16] , W * i (s * ) is used in equation (13) (13) at s = 0 offers germ solutions which is given as:
As the germ solutions for bus voltages are 1 0 • and the terms multiplied by s are vanished, the germ solution for V SH will be 1 0 • , as per equation (14). For deriving the recurrence formula of the equation (13), the STATCOM output voltage is represented by the following power series:
By substituting V SH (s) from equation (15) into equation (13) and comparing the coefficients of s n , the general recurrence formula for n ≥ 1 is obtained as follows: (16) where, V SH = V SHre + jV SHim is a complex variable that adds two unknown variable in the equation (16) . Therefore, to find out the unique solution for unknown variables, two additional equations are required. These additional equations are related to the STATCOM real power exchange constraint and its control mode. In steady-state, only the reactive power is exchanged between the STATCOM and the AC system, and the real power exchange is considered as zero which can be represented as:
The real and imaginary part of variables are denoted by and respectively. Equation (19) can be holomorphically embedded as follows:
A general recurrence formula can be obtained by substituting the STATCOM output voltage and bus voltage power series into equation (20) , for n ≥ 1 in the following way:
It has been recognized that besides the bus voltage magnitude control, STATCOM has the ability to control reactive power flow, current, angle, and impedance etc. Mathematical modeling of different control modes is developed and investigated.
Various control modes of proposed model are as follows:
1) CONTROL MODE 1: VOLTAGE MAGNITUDE CONTROL OF THE STATCOM CONNECTED AT BUS I
The i th bus voltage magnitude control constraint is as follows:
The voltage magnitude control constraint in equation (22) is similar to the PV bus voltage magnitude constraint so the holomorphic embedding proposed in [19] is used in the following way:
The general recurrence formula for n ≥ 1 is as follows:
2) CONTROL MODE 2: REACTIVE POWER INJECTION CONTROL
Reactive power injected by the STATCOM is controlled to a reactive power injection reference by regulating the STATCOM output voltage phasor. Mathematically, it is expressed as:
The proposed holomorphic embedding for equation (26) is expressed as follows::
A general recurrence formula for equation (27) for n ≥ 1 is expressed in the following way:
where, Y SH = g SH + jb SH is the admittance of the coupling transformer.
3) CONTROL MODE 3: CONTROL OF EQUIVALENT SHUNT ADMITTANCE
A STATCOM can be represented as equivalent imaginary admittance. In this control mode, the STATCOM output voltage phasor V SH is regulated to control the equivalent imaginary admittance to a specified admittance reference. Mathematically, it can be represented as follows:
The proposed way of embedding for equation (30) is as follows:
A general recurrence formula of equation (31) for n ≥ 1 is obtained in the following way:
4) CONTROL MODE 4: CONTROL OF STATCOM CURRENT MAGNITUDE (CAPACITIVE MODE)
In this control mode, the magnitude of STATCOM current is controlled to a specified current magnitude control reference. To achieve this, STATCOM output voltage phasor is regulated. Mathematically,
Equation (33) 
The proposed HE modeling of STATCOM's control constraint in capacitive mode is represented as:
The general recurrence formula for control mode 4 is obtained in the following way:
Now HE formulation of equation (37) enforces the solution to capacitive compensation mode, i.e. I SH leads V SH by 90 • , while keeping the current magnitude constant.
5) CONTROL MODE 5: CONTROL OF STATCOM CURRENT MAGNITUDE (INDUCTIVE MODE)
In this control mode, the magnitude of STATCOM current is controlled to a specified current value with current lagging the voltage by 90 • . To obtain lagging mode, equation (33) is modified as per equation (38):
Similar to capacitive compensation mode, a general recurrence formula obtained for inductive compensation is described as: STATCOM can be used to control the voltage magnitude of V SH to a specified voltage. Mathematically, such a control constraint is described as:
This control constraint is also similar to PV bus voltage magnitude constraint. Therefore, the general recurrence formula for n ≥ 1 can be written in a manner similar to [19] in the following way:
7) CONTROL MODE 7: REMOTE BUS VOLTAGE MAGNITUDE CONTROL
In this control mode, the STATCOM is used to control the voltage magnitude of remote bus say j to a specified voltage magnitude reference. Mathematically, it is expressed as:
A general recurrence formula for equation (42) can be expressed in the following way:
8) CONTROL MODE 8: LOCAL OR REMOTE REACTIVE POWER FLOW CONTROL
In this control mode, the STATCOM is used to control the local or remote transmission line reactive power flow to a specified reactive power reference. Mathematically,
The proposed holomorphic embedding of equation (45) is as follows:
A general recurrence formula for equation (46) for n ≥ 1 is obtained in the following way:
Now as discussed in section II, all the system equations must be represented as linear matrix equations in explicit form. To represent equations in explicit form, all known and unknown variables are shifted to LHS and RHS respectively. Let the variables are separated into real and imaginary parts as Y tr(SY ) ik
The linear matrix equations (52), and (57) in explicit form are given in Appendix for N -bus system, where, subscripts r, m, p, q, SH denote the slack bus, load bus, PV bus, STATCOM connected bus and STATCOM output voltage respectively. 
IV. RESULTS AND DISCUSSIONS
To validate the proposed HELM model of STATCOM and explore its multi-control capabilities, numerical studies have been carried out on the IEEE 30-bus test system [12] . The impedance of STATCOM coupling transformer is assumed as Z SH = 0.1 + j0.1 p.u. The number of iteration (NI) and number of terms (NT) are measure of convergence for models based on N-R and HELM method respectively. The problem is formulated in MATLAB environment and simulated on Intel(R) Core(TM) i3-4150 CPU 3.50 GHz processor with 4-GB RAM. For all cases, a convergence tolerance of 10 −6 p.u. is considered for maximal absolute bus power mismatch.
In order to investigate the proposed HE formulation for different control modes, cases 1-9 on the IEEE 30-bus test system have been carried out. Case 1 refers to the base case operating condition without STATCOM. For examining cases 2-9, a STATCOM is installed at bus 12 [5] . The results of different control modes are shown in Table 1 . Specified values of parameters and number of terms for each control mode are shown in column 3 and column 8 respectively, in Table 1 . For each control mode, voltages of buses (i.e. 9, 11, 12, 13, 17), reactive power flow of lines (i.e. 9-11, 12-13), system losses and STATCOM parameters are presented in Table 1 . The desired parameters obtained for different control modes are shown in bold letters.
As previously discussed, a STATCOM can maintain the voltage of a bus at the desired level in control mode 1 by injecting/absorbing the reactive power. From Table 1 , it is evident that the proposed model of STATCOM is able to control the voltage of bus 12 to the specified control reference 1 p.u in control mode 1. The values of parameters of the STATCOM are presented in sixth column of the table.
Investigation of control mode 2 from this table proves that absorbed shunt power is equal to the specified control reference 1 p.u. Since proposed model is acting in inductive mode, voltage of STATCOM connected bus 12 is 0.7954 p.u., which is minimum among all the considered cases. System losses are also maximum for this case.
The proposed model can also operate like a controllable admittance which can be verified from control mode 3 as shown in Table 1 . In shunt current injection control modes 4 (leading) and 5 (lagging), the STATCOM current is controlled to specified value 0.2 p.u. It can be observed from this table that the proposed HE formulation for capacitive and inductive compensation enforces the solution in capacitive and inductive mode correctly. Otherwise the solution can arbitrarily converge to any one of the mode.
Case 7 demonstrates the capability of the proposed model to control the output voltage of STATCOM to specified control reference 1 p.u. which is shown by bold letters in the sixth column of Table 1 . In this control mode, STATCOM acts in inductive mode and absorbs reactive power of 0.3563 p.u. as the STATCOM output voltage (i.e. 1 p.u.) is lower than bus 12 voltage (i.e. 1.0177 p.u.). The STATCOM can also control the remote bus voltage magnitude and it can be verified from case 8. Voltage of the remote bus 17 was 1.0392 p.u. without STATCOM which is controlled to specified value 1 p.u. as per case 8. The specified control reference value for this case is obtained in eight number of terms and the value obtained for specified parameter is shown by bold letter.
The reactive power control of a transmission line using STATCOM is significant. In case 9, the STATCOM controls the reactive power flow of transmission line 12-13 from −0.1026 p.u. to a specified value 0.0 p.u. The transmission line flow capacity can be increased by forcing the reactive power flow through transmission line to zero. This control mode may be attractive in electricity market environments, as re-dispatching active power becomes much more expensive than controlling reactive power. From Table 1 , it can be observed that for each control mode, the specified parameters have been achieved, which validates the proposed HELM model of STATCOM and HE formulation for each control modes.
The studies have also been carried out with or without device limit constraints to prove robustness of the proposed model and the results are presented in Table 2 . In this table, symbols LLV and ULV denote the lower and upper limit violation respectively. The lower and upper limits of STATCOM output voltage (i.e. V SH ) are selected as 0.9 p.u. and 1.1 p.u. respectively. From Table 2 , it can be observed that when the specified voltage of bus 12 is considered as 0.9 p.u. and constraints are not enforced, the STATCOM is able to adjust the voltage of bus 12 to specified control reference value 0.9 p.u. However, when the limit constraints are imposed and the specified value of bus 12 voltage is kept same, the lower limit of V SH is violated. From Table 2 , it can be observed that the calculated value of bus 12 voltage is different from the targeted value because whenever the limit constraints are violated, the controlled mode is relaxed and STATCOM acts as a constant voltage source (i.e. control mode 6 is activated and control reference value is set equal to the value of the violated limit). In this case, the voltage of bus 12 is achieved equal to 0.9375 p.u. while V SH is maintained to lower limit 0.9 p.u. To test the case of upper limit violation, loading is increased to 1 
V. EFFECT OF INITIAL CONDITIONS
The proposed model not only has multi-control capabilities but also has excellent convergence characteristics. To demonstrate the unique feature of the proposed model, the model is tested under various system/operating conditions and compared with the conventional N-R method based model. Due to space limitations, only the results of control mode 1 are shown to demonstrate the effect of initial conditions. From Table 3 , it can be observed that the solution of conventional model depends upon the initial conditions. The solution of N-R based model varies as the initial conditions are changed. It is verified from this table that the line flows, bus voltages, and system losses are different for different values of initial conditions. It shows that the conventional N-R based model converges to spurious solutions. It is also seen from this table that the improper choice of initial conditions diverged the solution in many cases which proves that there is no guarantee of convergence. The number of iterations is also affected by the initial conditions. It varies from 6 to 10 for different initial conditions as shown in Table 3 . Conversely, in the proposed HELM model of STATCOM the initial conditions or germ solutions are deterministic in nature. Therefore, the solution is unique and took 8 number of terms to converge. As the STATCOM is a shunt connected device, the better choice is V SH = 1 0 • known from the past experience. But, in the proposed model initial conditions are deterministic in nature. The aim of this section is to illustrate the difference between the deterministic nature of initial conditions and choice of initial conditions. But when static synchronous series compensator (SSSC) is connected in series, initial conditions are more dominating and the better choice of the initial condition are not V SE = 1 0 • . Moreover, rigorous analysis is required to evaluate the value of initial conditions for each system/operating condition which increases computation burden enormously. But, in the HE approach, the initial conditions are deterministic in nature and remain same for each system/operating condition.
Robustness of the proposed model can be confirmed by the fact that convergence characteristics are insensitive to the different values of coupling transformer impedance. From Table 4 , it can be observed that the proposed model is not sensitive to the coupling transformer impedance and it took 8 number of terms to converge for base case. But the conventional N-R method based model requires different number of iterations for different values of impedance. In some of the cases, the solution is diverged which proves the weakness of the N-R based models. Similar results are observed for heavy loading condition and are presented in Table 4 . Repetition of the results for different operating conditions confirms that the convergence characteristics of the proposed model are unaffected by the value of coupling transformer impedance. From various simulation results, it can be concluded that the proposed HELM model of STATCOM is robust and reliable model which provides the solution under all the conditions if the solution exists. 
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